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Abstract~ In this paper an investigation on the Lamb wave propagation through a two-layered glass
plate with different interface conditions between the layers is carried out to study the effectiveness of
Lamb waves in detecting defects at the interface as well as estimating the interface strength. To this
end the stress field inside the two layered plate is theoretically calculated for different interface
conditions and for a number of propagating Lamb modes. It is observed that, for every Lamb
mode, the stress field inside the plate varies significantly with depth. Symmetric modes generate
maximum normal stress and zero shear stress at the central plane; the situation is reversed for the
antisymmetric modes. it is found that the Lamb modes which produce large shear stress at the
interface position are most sensitive to the shear stiffness of the interface. Void and delamination
type defects that release the interface stress affect those Lamb modes most significantly which
produce high stress at the interface position. Theoretical predictions have been experimentally
verified. ~ 1997 Elsevier Science Ltd.

INTRODUCTION

It is well known that the longitudinal wave reflection coefficient is not very effective in
characterizing an interface or determining its shear stiffness and strength. Shear wave
reflection coefficient is much more sensitive to the interface condition [Jiao and Rose (1991),
Matikas and Karpur (1993)]. Since different Lamb wave modes generate high normal and
shear stresses at various depths of the plate it is expected that some Lamb modes will be
very sensitive to the interface defects as well as its stiffness and strength. In this paper it is
studied how sensitive the Lamb modes are to the interface conditions.

Many investigators studied the Lamb wave propagation characteristics for material
characterization and related the dispersion curves and attenuation coefficient to the material
properties, as noted by Kundu et al. (1996). In recent years a few have also attempted to
scan a specimen using Lamb waves to generate the image of internal defects [Chimenti and
Martin (1991), Karpur et al. (1995), Kundu et al. (1996), Maslov and Kundu (1997)].
Kundu et al. (1996) have experimentally demonstrated how Lamb wave generated images
have several advantages over the longitudinal wave generated images as conventionally
done in C-scan ultrasonic imaging.

In the present paper an attempt is made to use the Lamb waves for characterizing
interfaces. This is done by theoretically computing the internal stress field inside a two
layered glass plate with an interface and studying the variation of the stress field for different
Lamb modes. Three types of interfaces are studied, slip, rigid (no-slip) and glued (elastic).
A slip interface has no shear stiffness and strength but normal stiffness is the same as the
adjacent layers, in this case glass, a rigid interface has normal and shear stiffnesses the same
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Fig. 1. (a) Different waves in a homogeneous plate and in the surrounding liquid. (b) Waves in the

liquid and in different layers of a multilayered plate.

as the adjacent layers, and a glued interface has shear and normal stiffnesses the same as
the glue, typically less than the glass.

THEORY

For computing internal stresses in the plate, one needs to study the mechanics of elastic
wave propagation in a multilayered solid. A number of investigators over the last few
decades have studied this problem. Thomson (1950), Haskell (1953), Dunkin (1965),
Schwab and Knopoff (1970), Kundu and Mal (1985), Mal (1988), Mal et at. (1991),
Levesque and Piche (1992), Taylor and Nayfeh (1992), Yang and Kundu (1997), among
others, studied various aspects of this problem. A good review of some of these inves
tigations can be found in Brekhovskikh and Godin (1990). Since the fundamental theory
of elastic wave propagation in single and multilayered plates is well developed, only a
brief description of that theory which is relevant to our problem is given here, following
Brekhovskikh and Godin (1990).

Let us consider the two dimensional elastic wave propagation problem in the xz plane
as shown in Fig. la. the P and SV wave potentials, denoted by ¢ and tjJ, respectively, can
be expressed in the forms shown below,

(I)

where the wave number k = (w/O:o) sin(On) = (w/O:s) sin(Ol) = (w/ f3s) sin(8,), v = (w/o:,) cos(Oa,
'1 = (w/ f3s) cos(O,), w is the signal frequency in rad/sec, 0:0, 0:, and f3, are longitudinal wave
speed in water, longitudinal wave speed in solid and shear wave speed in solid, respectivdy.
For brevity, in the subsequent expressions the common factor eikx-iwt is omitted.

The particle displacement can be obtained from the wave potentials,

atjJ
u = ik¢-~'( oz

(2)
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and the stress components are given by
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(3)

where y = k-w2/(2kfJ;).
For a multilayered plate immersed in water, as shown in Fig. Ib, we can assign a

superscript 'm' to displacement and stress components to indicate that they correspond to
the m-th layer. From the continuity of normal and shear stresses and displacements across
the interface between two adjacent elastic layers one can relate the displacement-stress
vectors of any two layers in the following form

[

u'~ ]
u~

(J~::

(J~:;

(4)

where Am is a 4 x 4 layer matrix or propagator matrix of the m-th layer. The superscripts
'm' and 'n' of the elements of the displacement-stress vectors of eqn (4) correspond to the
m-th and n-th layers, respectively. Expressions for the individual elements of the layer
matrix can be found in Thomson (1950), Haskell (1953), or Brekhovskikh and Gobin
(1990) and are omitted.

If fluid half-spaces are present above and below the multilayered plate, as shown in
Fig. Ib, then wave potentials for the upper and lower half-spaces can be written as

(5)

where'R' and' T' are plane wave reflection and transmission coefficients of the multilayered
plate, immersed in the fluid; subscripts U and L of v indicate upper and lower fluid half
spaces, respectively.

To compute the stress and displacement components inside the plate, their values at
the top and bottom liquid-solid interfaces are to be obtained first. It should be noted here
that (J xz = 0 at both top and bottom liquid-solid interfaces, and uz' (fez are continuous across
both these interfaces, so that their values can be computed in terms of Rand T from the
fluid potentials given in eqn (5) and displacement/stress-potential relations given in eqns
(2) and (3). Since horizontal displacements on the fluid and solid sides of the interface are
not necessarily the same, because of possible slippage at the interface, two horizontal
components of displacement at the top and bottom surfaces of the plate are unknown.
along with Rand T. These four unknowns are solved from the four scalar equations given
in (4). Thus, we get

R = M 32 --iwZLM 33 +iwZu (M22 -iwZLM 23 )

M 32 -- iwZLM 33 - iwZuCM22 - iwZLM 23 )

- 2iwZLPU/PL
(6)
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where Mil = Jij-Jil J4/J4 " J is a 4 x 4 matrix obtained by multiplying layer matrices of all
layers. ZL = Pdh/ cos fh and Zu = PurJ.u/ cos Ou are the acoustic impedances of the lower
and upper fluid half spaces, respectively. After computing the stress and displacement
components at the top and bottom surfaces of the plate, their values at any other interface
inside the plate can be obtained from eqn (4). To get these values at a point within a layer,
an artificial boundary can be introduced that goes through that point, and then eqn (4) can
be used.

The above derivation can be followed for a multilayered solid plate. However, if there
is a liquid layer in between two solid layers then the details of the formulation vary since
the continuity conditions across a liquid-solid interface are different from those across a
solid-solid interface. Readers interested in this formulation are referred to Kundu (1992)
for a detailed derivation.

It is well-known that the above formulation (with or without a liquid layer) works
well for low frequencies or thin plates, however, they suffer from a severe numerical loss
of-precision problem as the frequency or the plate thickness increases. To avoid the precision
problem at high frequencies the delta matrix modification (Dunkin, 1965; Kundu and Mal,
1985; Levesque and Piche, 1992) must be adopted.

NUMERICAL AND EXPERIMENTAL RESULTS

First we compute the Lamb wave dispersion curves and stress fields for different Lamb
modes inside a two-layered glass plate for three different interface conditions-slip (wet
contact), rigid (no-slip or perfect contact), and glued (elastic contact), as shown in Figs :la,
band c, respectively. These three specimens which were fabricated for this investigation
will be identified as specimens 2a, 2b and 2c, respectively. For the glued interface (specimen
2c) a scratch (approximately 0.1 mm deep) was created on one glass surface adjacent to
the interface as shown in Fig. 2c. For carrying out the theoretical analysis, the elastic wave
speeds, densities and dimensions of glass, water and glue layers are required. These are
given in Table I.

A special brass chamber was fabricated in which the glass slides can be placed and! a
hydraulic pressure can be applied to control the interface thickness between the glass slides.
A cross section of the chamber is shown in Fig. 3. The upper brass block has a square hole
through which transducer generated ultrasonic signal can travel to the plate and the reflected
signal can travel back to the receiver. The bottom block has a square chamber with a rubber
O-ring seal. It is possible to apply controlled pressure in this chamber to monitor the
distance between the two slides.

Figure 4 shows the Lamb wave dispersion curves for the two layered plate with a slip
interface (Fig. 2a) between the two plates. The solid and dashed lines correspond to the
symmetric and antisymmetric modes, respectively. To compute the theoretical Lamb wave
dispersion curves, first the reflection coefficient (eqn 5) for different frequencies are com
puted for a number of angles of incidence. The angle of incidence and the Lamb wave
phase velocity are related by Snell's law,

(7)

where CL is the Lamb wave phase velocity, 0 is the angle of incidence and :Xu is the
longitudinal wave speed in water. For a fixed angle of incidence, if Lamb waves are
generated at some frequencies then dips in the reflection spectra are observed at those
frequencies. Dispersion curves in Fig. 4 are obtained by plotting those dips for different
phase velocities. Circles (0) in Fig. 4 are experimental data points. Excellent matching
between theoretical and experimental results should be noted here.

Lamb waves are generated and detected experimentally by placing two transducers in
the pitch-catch arrangement and then exciting the transmitter in the tone-burst mode by
continuously varying the signal frequency. If the specimen is located at the focus position
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Fig. 2. Three specimens considered in this investigation. Specimens 2a and 2c are two glass plates
connected by water and glue. Specimen 2b is a 1.84 mm thick glass plate.

3889

then dips in the reflection spectra correspond to the Lamb modes, on the other hand if the
reflecting surface is located between the focal point and the transducers then peaks in the
reflection spectra correspond to the Lamb modes. For a detailed discussion of the exper
imental technique for generating and detecting Lamb waves one is referred to Kundu et al.
(1996) or Maslov and Kundu (1997).

To investigate if Lamb wave dispersion curves can distinguish slip bonds from rigid
bonds the dispersion curves are theoretically computed for a 1.84 mm thick glass plate
(specimen 2b) and plotted in Fig. 5. Solid and dashed lines correspond to symmetric and
antisymmetric modes respectively. Symmetric modes of Fig. 4 match very well with the
symmetric modes of Fig. 5, however antisymmetric modes show some difference. These
modes for specimen 2a are again plotted in Fig. 5 by stars (*). Clearly, symmetric modes

Table I. List of material properties and dimensions of different layers

Layer material

Glass
Glue (Epoxy)
Water

Thickness (mm)

0.92
0.Dl5

<0.00025

p (gm/cc)

2.25
1.25
1.0

IX (km/sec)

5.66
2.8
1.49

{3 (km/sec)

3.4
1.2
0.0

where p, IX, and {3 are density, P-wave speed and S-wave speed, respectively. Properties for glass and water are
measured in the laboratory and those for the glue are taken from Briggs (1992). The water layer thickness was
less than 0.25 micron at the interface and was controlled optically by interference rings.
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Fig. 3. Brass chamber, in which the specimens were placed during the ultrasonic scanning.

6.0

....
" "\

\

e
\

\
\

\
\
\l

\
\

""... ...

\
\
\
\
\
b
\
\
\
\
\
'\

\
\

\
\0

\

"... ...
.... 0....

....
"

\

'0
\
\
\
\

0\
\,
I
j>
I
\
b
\
\
\

o
w
W
0..
(f)

W

~ 4.0
I
0..

r-..
(f)

~

E
Y::
"-../5.0

3.0
o

I i I I I iii I Iii iii iii iii iii iii iii iii Iii i I I I
2 4 6 8 10

F R E QUE N C Y (MHz)
Fig. 4. Theoretical Lamb wave dispersion curves for specimen 2a. Solid and dashed lines show the

symmetric and antisymmetric modes respectively. Circles (0) are experimental data points.

are not very sensitive to the interface stiffness/strength but antisymmetric modes are. That
is why symmetric modes show no change when the slip interface is replaced by the rigid
interface but antisymmetric modes show some variation.

If one wants to provide theoretical justification of these results one needs to compute
the internal stress fields of the plates with rigid and slip bonds for symmetric and anti
symmetric Lamb modes. Figures 6a and 6b show the shear stress (Jc inside the plate for
slip and rigid bonds, respectively. Both plots are for the first antisymmetric (AI) mode. In
these plots the plate thickness has been normalized. Hence, 0 to I along the depth axis
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Fig. 5. Theoretical Lamb wave dispersion curves for specimen 2b. Solid and dashed lines show the
symmetric and antisymmetric modes respectively. Stars (*J correspond to the antisymmetric modes

of specimen 2a. Symmetric modes of specimens 2a and 2b coincide.

corresponds to 0 to 1.84 mm for the rigid bond (specimen 2b) and 0 to 1.84025 mm for the
slip bond (specimen 2a). It should be noted here that the shear stress is large (Fig. 6b) at
the rigid interface position for the A I mode, and it goes down to zero for the slip bond (Fig.
6a). Naturally, this mode is sensitive to the shear stiffness of the interface. It should also be
noted here that for the phase velocity, 4.5-5 km/sec shear stress at the interface position is
small for both rigid and slip bonds and hence, no significant difference in this mode for
rigid and slip bonds is observed in the dispersion curve of Fig. 5 for the phase velocity
between 4.5 and 5 km/sec.

Shear stress distribution for the second antisymmetric (A 2) mode also shows large
stress at the central plane of specimen 2b (Fig. 6d) and small stress at the same location for
specimen 2a (Fig. 6c) for the phase velocity less than 4.5 km/sec. In this region, the A 2

mode dispersion curve of Fig. 5 also shows differences for slip and rigid bonds.
The stress distribution for symmetric modes, on the other hand, does not show sig

nificant differences between slip bonded and rigid bonded plates. Figures 7a and 7b show
the shear stress patterns for the first symmetric (51) mode, for slip and rigid bonded plates,
respectively. Normal stress distributions for these two interface conditions for the same
(51) mode are shown in Figs 7c and 7d. Clearly for both interface conditions the shear
stress is zero at the interface and the normal stress is maximum there. Hence this mode
cannot distinguish slip bonds from rigid bonds. This is because slip bonds cannot transmit
the shear stress but can easily transmit the normal stress. For the same reason longitudinal
waves often propagates through the fluid filled slip bonds completely missing them during
the conventional C-scan ultrasonic inspection.

Dispersion curves for the glued plate (specimen 2c) are shown in Fig. 8. Solid and
dashed lines correspond to the theoretically computed symmetric and antisymmetric modes,
respectively. Circles are experimental data points. Again, matching between theoretical and
experimental results is excellent.
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Fig. 6. Variations of (Je for Al (Figs 6a and 6b) and A, (Figs 6c and 6d) modes in specimens 2a
(Figs 6a and 6c) and 2b (Figs. 6b and 6d).

Shear and normal stress distributions in this plate for the first antisymmetric mode
(AI) are shown in Figs 9a and 9b, respectively. Those for the A 2 mode are shown in Figs 9c
and 9d respectively. Note that, for the Al mode, the shear stress at the central plane (glued
interface) is high, neither zero as in the slip bonded interface nor a maximum as in the rigid
interface. For the A 2 mode, the shear stress is also nonzero at the central plane, however,
it is not as large as that for the Al mode. Shear and normal stress distributions in the same
plate for the first symmetric (Sa mode are shown in Figs lOa and lOb. As expected, the
normal stress is zero at the central plane (glued interface) for antisymmetric modes and
shear stress is zero at the same location for the symmetric mode.

Figure lla shows a number of images of the glued plate, generated by different Lamb
modes~A, (top row), SI (middle row) and A 2 (bottom row). Three columns correspond
to three different incident angles~17c (corresponding phase velocity is 5.1 km/sec, left
column), 19° (phase velocity is 4.58 km/sec, middle column), and 21" (phase velocity is 4.16
km/sec, right column). Note that the interface defect generated by the scratch can be clearly
seen in the SI mode images and can be faintly seen in Al and A2 images only for the 21 8

incident angle. This observation can be explained from the computed stress field in the
following manner. SI mode produces high normal stress at the interface. The scratch
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releases the normal stress and thus affects the received signal producing its own image. For
antisymmetric modes, on the other hand, the normal stress is zero at the interface, hence
the scratch does not have any effect on the normal stress distribution of the plate. For 5.1
and 4.58 km/sec phase velocities, the shear stress at the interface plane is also small close
to zero, thus the scratch does not have any effect on the shear stress distribution. Hence,
one cannot see the image of the scratch for anti-symmetric modes for 1T and 19° incident
angles. For 21 J incidence or 4.16 km/sec phase velocity, the shear stress at the interface for
the AI mode is larger than that for the A2 mode (see Figs 9a and 9c). That is why the image
of the scratch is clearer for the AI mode than the A2 mode.

CONCLUDING REMARKS

In this paper the use of Lamb modes for interface characterization is investigated. It
is found that modes which produce a large shear stress at the interface position are sensitive
to the shear stiffness of the interface. Modes which produce large normal stresses but zero
shear stress at the interface position are not at all sensitive to the shear stiffness of the
interface. Interface defects, such as voids, which release the normal and shear stresses at
the interface, can be detected by the modes which produce large normal or shear stresses
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(Figs 7a and 7c) and 2b (Figs 7b and 7d).



(d)

Interface inspection by Lamb waves

8

6

~4
rn

2

o
5.5

PHASE SPEED (Km/s)

3895

3.5 0

Fig. 7. -Continued.
DEPTH

6.0

\ \ "...--... \ \ "CJ) \ \ \

'-.... I \ \
\E \ \
\

~ 1° '0 \0
,---,,5.0 I \

\
I \ \
\ \ \

0 I \ \
W '0 \

~\w , \0

(L I \ \

(f) \ "\ \ "'0 '0
,

W 0 ,
\ \ ,

S2 4.0 \ " ......

\ ":r:: ......
\0 ...... 0

(L \
......

\ --
"~

3.0
a 2

F R
4

E Q U
6

ENe Y
8

(MHz)
Fig. 8. Theoretical Lamb wave dispersion curves for specimen 2c. Solid and dashed lines show the

symmetric and antisymmetric modes respectively. Circles (0) are experimental data points.



3896 T. Kundu and K. Maslov

(a)

2

~
Cf)1

Ol~~~
5.5

PHASE SPEED (Kmls) 0.2
3.5 0

0.4

DEPTH

0.6

(b)

(e)

4

o
5.5

PHASE SPEED (Km/s)

2

1.5

~ 1

0.5

o
5.5

PHASE SPEED (Km/s)

3.5 o

0.2

0.4

DEPTH

0.4

0.8

0.8

3.5 0 DEPTH
Fig. 9. Variations of (5" (Figs 9a and 9c) and (5" (Figs 9b and 9d) in specimen 2c for AI (Figs 9a

and 9b) and A, modes (Figs 9c and 9d), respectively.



Interface inspection by Lamb waves 3897

(d)

3

~2
(J)

1

o
5.5

PHASE SPEED (Km/s)

4

3.5 0

Fig. 9.-Continued.
DEPTH



3898 T. Kundu and K. Maslov

(a)

2

J§1

PHASE SPEED (Kmls)
3.5 0

0.2

0.4

DEPTH

0.6

0.8

(b)
o

5.5

PHASE SPEED (Kmls)
3.5 0 DEPTH

Fig. 10. Variations of (T" (Fig. lOa) and (T" (Fig. lOb) in specimen 2c for the 5, mode of excitation.



25mm

Interface inspection by Lamb waves

1st anti-symmetric

1st symmetric

2nd anti-symmetric

3899

Fig. II. Images of specimen 2c generated by different Lamb modes-AI (top row), SI (middle row),
and A2 (bottom row), for three different angles of incidence 17° (left column), 19° (middle column),

and 21" (right column). Note that image of the scratch is clearly visible in the middle row.
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at the interface. Normal and shear stress distribution for different Lamb modes show that
the normal stress along the depth of the plate does not vary much when only the phase
velocity is changed for the same mode. However, the shear stress variation along the depth
of the plate is very sensitive to the phase velocity. In this case, one not only should specify
which Lamb mode to use but also should mention the phase velocity (or frequency) that
must be used for efficient scanning and characterization of the interface.
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